Introduction {#Sec1}
============

During the last three decades, the theory of frames, which generalize the notion of bases by allowing redundancy yet still providing a reconstruction formula, has been growing rapidly, since several new applications such as nonlinear sparse approximation (e.g., image compression), coarse quantization, data transmission with erasures, and wireless communication, have been developed \[[@CR1]--[@CR7]\]. As a special class of frames, the multi-band wavelets have attracted considerable attention due to their richer parameter space, to give better energy compaction than 2-band wavelets \[[@CR8]--[@CR16]\].

Let *H* be a separable Hilbert space, and *E* an indexing set. A sequence $\documentclass[12pt]{minimal}
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Equation ([1.2](#Equ2){ref-type=""}) shows that the energy of a biorthogonal wavelet transform is controllable although it is not conservative. Moreover, $\documentclass[12pt]{minimal}
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                \begin{document}$\widetilde{B}-\widetilde{A}$\end{document}$ are smaller, the performance of a biorthogonal wavelet transform may be better, i.e., the energy is amplified in some cases and decreased in other cases. The classical biorthogonal wavelets are not tight frames, so obtaining the exact values of their bounds is difficult. Instead of estimating the bounds in ([1.2](#Equ2){ref-type=""}), we can try to obtain the upper bound and the lower bound of the norm of the sub-band operator.

This paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we define the sub-band operator, and obtain the limit form of the norm of the sub-band operator. We present a method for computing the upper bound and the lower bound of the norm of the sub-band operator based on the theory of circular matrix. Section [3](#Sec3){ref-type="sec"} gives some examples to illustrate the results proposed in this paper.

Sub-band operator and *d*-circular matrix {#Sec2}
=========================================

Recall the sub-band coding scheme or Mallat algorithm associated to a *d*-band real biorthogonal wavelets. There are 2*d* filters $\documentclass[12pt]{minimal}
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The constraint conditions for biorthogonal *d*-band filter banks with perfect reconstruction property are: the low-pass and high-pass condition $$\documentclass[12pt]{minimal}
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In order to define ([2.1](#Equ3){ref-type=""}) and ([2.2](#Equ4){ref-type=""}) as operators, namely, sub-band operators, we assume that the input signal $\documentclass[12pt]{minimal}
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Definition 2.1 {#FPar1}
--------------
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Theorem 2.1 {#FPar2}
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The proof of Theorem [2.1](#FPar2){ref-type="sec"} is trivial.

As is well known, a bounded linear operator on $\documentclass[12pt]{minimal}
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Lemma 2.1 {#FPar3}
---------

*Retaining the definitions and notations as above*, *we have* $$\documentclass[12pt]{minimal}
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Theoretically, Theorem [2.2](#FPar5){ref-type="sec"} gives an exact value for $\documentclass[12pt]{minimal}
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Theorem 2.3 {#FPar7}
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Proof {#FPar8}
-----
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                \begin{document}$$\lim_{n\rightarrow \infty}\sup_{\| [x]_{n}\|=1}\bigl\{ \bigl(Q_{n} [x]_{n}, [x]_{n}\bigr)\bigr\} =\lim _{n\rightarrow \infty}\sup_{\| [x]_{n}\|=1}\bigl\{ \bigl(P_{n} [x]_{n}, [x]_{n} \bigr)\bigr\} . $$\end{document}$$ By Theorem [2.2](#FPar5){ref-type="sec"}, we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$\|Q\|=\lim_{n\rightarrow\infty}\max\bigl\{ \tau_{1}^{(n)}, \tau_{2}^{(n)},\ldots, \tau_{dn}^{(n)}\bigr\} = \lim_{n\rightarrow \infty}\max\bigl\{ \lambda_{1}^{(n)}, \lambda_{2}^{(n)},\ldots, \lambda_{dn}^{(n)} \bigr\} . $$\end{document}$$ The proof is complete. □

A so-called *d*-circular matrix \[[@CR20]\], which is generated by the filters $\documentclass[12pt]{minimal}
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                \begin{document}$$M_{3}=\left [ \textstyle\begin{array}{c@{\quad}c@{\quad}c@{\quad}c@{\quad}c@{\quad}c@{\quad }c@{\quad}c@{\quad}c@{\quad}c@{\quad}c@{\quad}c} h_{0} & h_{1} & h_{2} & h_{3} & 0 & 0 & 0 &0 &h_{-4} & h_{-3} & h_{-2} & h_{-1}\\ h_{-4} & h_{-3} &h_{-2} & h_{-1} & h_{0} & h_{1}&h_{2} & h_{3}& 0 & 0& 0 & 0\\ 0 & 0 & 0 & 0 & h_{-4} & h_{-3} &h_{-2} & h_{-1} & h_{0} & h_{1} & h_{2} & h_{3} \\ g^{1}_{0} & g^{1}_{1} & g^{1}_{2} & g^{1}_{3} & 0 & 0 & 0 & 0& g^{1}_{-4} & g^{1}_{-3} & g^{1}_{-2} & g^{1}_{-1}\\ g^{1}_{-4} & g^{1}_{-3} & g^{1}_{-2} & g^{1}_{-1}& g^{1}_{0} & g^{1}_{1} & g^{1}_{2} & g^{1}_{3}& 0 & 0 & 0 & 0\\ 0 & 0 & 0 & 0 & g^{1}_{-4} & g^{1}_{-3} & g^{1}_{-2} & g^{1}_{-1}& g^{1}_{0} & g^{1}_{1} & g^{1}_{2} & g^{1}_{3}\\ g^{2}_{0} & g^{2}_{1} & g^{2}_{2} & g^{2}_{3} & 0 & 0 & 0 & 0& g^{2}_{-4} & g^{2}_{-3} &g^{2}_{-2} & g^{2}_{-1}\\ g^{2}_{-4} & g^{2}_{-3} & g^{2}_{-2} & g^{2}_{-1}& g^{2}_{0} & g^{2}_{1} & g^{2}_{2} & g^{2}_{3} & 0 & 0 & 0 & 0\\ 0 & 0 & 0 & 0 & g^{2}_{-4} & g^{2}_{-3} & g^{2}_{-2} & g^{2}_{-1}& g^{2}_{0} & g^{2}_{1} & g^{2}_{2} & g^{2}_{3}\\ g^{3}_{0} & g^{3}_{1} & g^{3}_{2} & g^{3}_{3} & 0 & 0 & 0 & 0&g^{3}_{-4}& g^{3}_{-3} & g^{3}_{-2} &g^{3}_{-1}\\ g^{3}_{-4} & g^{3}_{-3} & g^{3}_{-2} & g^{3}_{-1}& g^{3}_{0} & g^{3}_{1} & g^{3}_{2} & g^{3}_{3} & 0 & 0 & 0 & 0\\ 0 & 0 & 0 & 0& g^{3}_{-4} & g^{3}_{-3} & g^{3}_{-2} & g^{3}_{-1}& g^{3}_{0} & g^{3}_{1} & g^{3}_{2} & g^{3}_{3} \end{array}\displaystyle \right ]. $$\end{document}$$

Clearly, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Theorem 2.4 {#FPar9}
-----------
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                \begin{document}$$\begin{gathered} C_{0}=\sum_{j}\bigg| \sum_{i}{h_{i}h_{i+dj}}\bigg|+\sum _{n=1}^{d-1}\sum_{j}\bigg| \sum_{i}{h_{i}g^{n}_{i+dj}}\bigg|, \\ C_{k}=\sum_{j}\bigg|\sum _{i}{g^{k}_{i}h_{i+dj}}\bigg|+\sum _{n=1}^{d-1}\sum_{j}\bigg| \sum_{i}{g^{k}_{i}g^{n}_{i+dj}}\bigg|,\quad 1\leq k\leq d-1. \end{gathered} $$\end{document}$$

Proof {#FPar10}
-----
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$n\geq N_{0}$\end{document}$, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sum^{n}_{j=1}|a_{1,j}|\leq\sum _{j}\bigg|\sum_{i}{h_{i}h_{i+dj}}\bigg|. $$\end{document}$$ There exists $\documentclass[12pt]{minimal}
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Remark {#FPar11}
------

The right-hand side of ([2.8](#Equ10){ref-type=""}) is only determined by the filters.

Theorem 2.5 {#FPar12}
-----------

*Let* *T* *be the sub*-*band operator of* *d*-*band wavelets*. *Then* $$\documentclass[12pt]{minimal}
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-----
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Examples {#Sec3}
========

In this section, we present two examples to illustrate the proposed results.

Example 3.1 {#FPar14}
-----------
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We can obtain the associated scaling filters as follows \[[@CR21]\]: $$\documentclass[12pt]{minimal}
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Example 3.2 {#FPar15}
-----------
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Conclusions and future work {#Sec4}
===========================

We can obtain the upper bound and the lower bound or an approximation of the sub-band operator's norm based on the theory of circular matrix which plays an important role. We will calculate their norm for some special symmetric wavelets and design a family of biorthogonal wavelets based on the size of the norm.
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